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1 Introduction
Let Λ be an artin algebra. We denote by mod Λ the category of all finitely generated
right Λ-modules and by ind Λ a full subcategory of mod Λ containing exactly one
representative of each isomorphism class of indecomposable Λ-modules. Given a
class C of modules, we denote by add C the subcategory of mod Λ whose objects are
the direct summands of finite direct sums of modules in C and, ifM is a module, we
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abbreviate add {M} as add M . The global dimension of Λ is denoted by gl.dim Λ
and the Auslander-Reiten translation of Λ by τΛ. For simplicity, we also write τΛ
as τ if Λ is clear.
A Λ-moduleM is called a generator-cogenerator in mod Λ if all indecomposable
projective modules and indecomposable injective modules are in addM . Let M be
a generator-cogenerator in mod Λ. If gl.dimEndΛ(M) = d, then M is also called a
generator-cogenerator with global dimension d.
The endomorphism algebras of generator-cogenerators have attracted a lot of
interest (see for example [T]): these are just the artin algebras of dominant dimen-
sion at least two. The smallest value of the global dimensions of the endomorphism
algebras of such modules was studied by M.Auslander and it was defined to be the
representation dimension of Λ provided Λ is not semisimple([A]). If Λ is semisim-
ple, its representation dimension is defined to be one. In particular, M.Auslander
proved that an artin algebra Λ is representation-finite if and only if its representa-
tion dimension is at most two.
O.Iyama [I] has shown that the representation dimension of an artin algebra
is always finite, and R.Rouquier [Rou] has shown that there is no upper bound
for the representation dimensions of artin algebras. These motivate the investi-
gation on the possibilities for the global dimensions of the endomorphism alge-
bras of generator-cogenerators. Recently, V.Dlab and C.M.Ringel described the
possibilities for the global dimensions of the endomorphism algebras of generator-
cogenerators in terms of the cardinalities of the Auslander-Reiten orbits of inde-
composable modules for a hereditary artin algebra (see [DR]).
Let A be a hereditary artin algebra and A(m) be the m-replicated algebra of
A. In this paper, we investigate the possibilities for the global dimensions of the
endomorphism algebras of generator-cogenerators in mod A(m), and generalize the
results in [DR] for A to A(m). Our main results can be stated as the following.
Theorem 1. Let A(m) be the m-replicated algebra of a representation-finite
hereditary artin algebra A and d be an integer with d ≥ 2. There exists an A(m)-
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module M which is a generator-cogenerator with global dimension d if and only if
there exists a τA(m)-orbit of cardinality at least d.
Remark. Theorem 1 shows that the possible values for the global dimen-
sion of a generator-cogenerator depend on the maximal length of the τ -orbits for
representation-finite m-replicated algebra A(m). That is, for any integer b with
2 ≤ b ≤ d, where d is the maximal length of all τ -orbits, there always exists a
generator-cogenerator Mb with global dimension b.
Theorem 2. Let A(m) be the m-replicated algebra of a representation-infinite
hereditary artin algebra A and let d be either an integer with d ≥ 3 or else the
symbol ∞. Then there exists an A(m)-module M which is a generator-cogenerator
with global dimension d.
Remark. For every integer d ≥ 3 or∞, we will construct a generator-cogenerator
with global dimension d for a given representation-infinite m-replicated algebra
A(m). In general, it is not easy to compute the global dimension of End(M) when-
ever M is a generator-cogenerator, thus those constructions given in section 4 seem
to have an independent interest.
This paper is arranged as follows. In section 2 we collect some definitions and
basic facts needed for our research. Section 3 is devoted to the proof of Theorem
1. In section 4 we construct some generator-cogenerators in mod A(m) with special
global dimensions and prove Theorem 2.
2 Preliminaries
Let Λ be an artin algebra, C be a full subcategory of mod Λ and ϕ : CM −→ M
with M in mod Λ and CM in C. The morphism ϕ is a right C-approximation of
M if the induced morphism Hom(C,CM) −→ Hom(C,M) is surjective for any C
in C. A minimal right C-approximation of M is a right C-approximation which is
also a right minimal morphism, i.e., its restriction to any nonzero direct summand
is nonzero. The subcategory C is called contravariantly finite if any module M in
3
mod Λ admits a (minimal) right C-approximation. The notions of (minimal) left
C-approximation and of covariantly finite subcategory are dually defined. It is well
known that, for any module M , the subcategory add M is both a contravariantly
finite subcategory and a covariantly finite subcategory.
Given a generator M , for any Λ-module X , there is a minimal right add M-
approximation of X which is surjective: M ′
f
−→ X . Let ΩM(X) be the kernel of
f . Define inductively ΩiM (X) by Ω
0
M (X) = X , and Ω
i+1
M (X) = ΩM(Ω
i
M(X)). By
definition, the M-dimension M-dim X is the minimal value i such that ΩiM(X)
belongs to add M and is ∞ if no ΩiM (X) belongs to add M . In particular, Ω
i
Λ(X)
is the ith syzygy and Ω−iΛ (X) is the i
th cosyzygy of X respectively. We usually
write ΩiΛ(X) (resp. Ω
−i
Λ (X)) as Ω
i(X) (resp. Ω−i(X)), and denote by pd X the
projective dimension of X . Note that pd X = Λ-dim X .
The following lemma is due to Auslander, we refer to [EHIS] for detail.
Lemma 2.1. Let Λ be an artin algebra. Let M be a generator-cogenerator
and d ≥ 2. The global dimension of End (M) is less or equal to d if and only if
M-dim X ≤ d− 2 for any indecomposable Λ-module X.
Let Λ be an artin algebra, and M,N be two indecomposable Λ-modules. A
path from M to N in ind Λ is a sequence of non-zero morphisms
M =M0
f1
−→M1
f2
−→ · · ·
ft
−→Mt = N
with all Mi in ind Λ. Following [Rin], we denote the existence of such a path by
M ≤ N . We say that M is a predecessor of N (or that N is a successor of M).
More generally, if S1 and S2 are two sets of modules, we write S1 ≤ S2 if every
module in S2 has a predecessor in S1, every module in S1 has a successor in S2, no
module in S2 has a successor in S1 and no module in S1 has a predecessor in S2.
The notation S1 < S2 stands for S1 ≤ S2 and S1 ∩ S2 = ∅.
From now on, let A be a hereditary artin algebra andDb(modA) be the bounded
derived category of mod A. The repetitive algebra Aˆ of A was first defined in [HW]
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and it was proved in [H] that Db(mod A) is equivalent, as a triangulated category,
to the stable module category mod Aˆ.
The right repetitive algebra A′ of A was introduced in [ABM]. Recall from
[ABM] that A′ is defined as follows,
A′ =


A0 0
Q1 A1
Q2 A2
0
. . .
. . .


where matrices have only finitely many non-zero coefficients, Ai = A and Qi = DA
for all non-negative integers i and D is the standard duality between mod A and
mod Aop, all the remaining coefficients are zero, multiplication is induced from
the canonical isomorphisms A ⊗A DA ∼=DA ∼= DA ⊗A A and the zero morphism
DA⊗A DA −→ 0.
Recall from [ABST2] that the Auslander-Reiten quiver of A′ can be described
as follows. It starts with the Auslander-Reiten quiver of A0 = A. Then projective-
injective modules start to appear, such projective-injective module has its socle
corresponding to a simple A0-module, and its top corresponding to a simple A1-
module. Next occurs a part denoted by ind A01 where indecomposables contain at
same time simple composition factors from simple A0-modules, and simple com-
position factors from simple A1-modules. When all projective-injective modules
whose socle corresponding to simple A0-modules have appeared, we reach the pro-
jective A1-modules and thus the Auslander-Reiten quiver of A1. The situation then
repeats itself.
Lemma 2.2. Let X ∈ ind A, and α ∈ HomA′(Ω
−i
A′A,Ω
−j
A′ X). If i < j, then α
factors through a projective-injective A′-module.
5
Proof. The statement follows easily from that
HomA′(Ω
−i
A′A,Ω
−j
A′ X)
∼= HomDb(mod A)(A[i], X [j])
= HomDb(mod A)(A,X [j − i])
= Extj−iA (A,X)
= 0.
✷
By [AI], the m−replicated algebra A(m) of A is defined as the quotient of the
right repetitive algebra A′, that is,
A(m) =


A0 0
Q1 A1
Q2 A2
. . .
. . .
0 Qm Am


.
If m = 1, then A(1) is the duplicated algebra of A (see [ABST1]). According to
[AI], we know that m+ 1 ≤ gl.dim A(m) ≤ 2m+ 1.
Let Σ0 be the set of all non-isomorphic indecomposable projective A-modules
and set Σk = Ω
−k
A′ Σ0 = {Ω
−k
A′ X | X ∈ Σ0} for k ≥ 0. The next lemma is taken
from [ABST2] and will be used in our research.
Lemma 2.3. Let A be a hereditary artin algebra. Then
(1) The standard embeddings ind Ai →֒ ind A
(m) (where 0 ≤ i ≤ m) and
ind A(m) →֒ ind A′ are full, exact, preserve indecomposable modules, almost split
sequences and irreducible morphisms.
(2) Let M be an indecomposable A′-module which is not projective and k ≥ 1.
Then the following are equivalent:
(a) pd M = k,
(b) Σk−1 < M ≤ Σk.
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(3) Let M be an indecomposable A(m)-module which is not in ind A = ind A0.
Then its projective cover in mod A(m) is projective-injective and coincides with its
projective cover in mod A′.
(4) LetM be an A(m)-module having all projective-injective indecomposable mod-
ules as direct summands. For an A(m)-module X, if X has a projective cover which
is also projective-injective, then a minimal right add M-approximation of X is
surjective.
In the sequel, we always assume that A is a hereditary artin algebra and that
A(m) is the m-replicated algebra of A. It is well known that A and A(m) have the
same representation type, hence A(m) is representation-infinite if and only if A is
as well.
3 The proof of Theorem 1
This section is devoted to the proof of Theorem 1. We assume in addition that A
is also representation-finite.
The following result is proved in [DR] for hereditary artin algebras, we observe
that this is also true for m-replicated algebras, and the proof is almost the same,
we refer to [DR] for detail. For completeness, we sketch the proof here.
Lemma 3.1. Let d ≥ 2 be an integer and M be a generator-cogenerator in
mod A(m). If any indecomposable A(m)-module X which does not belong to add M
satisfies that τd−1X = 0, then gl.dim EndA(m) (M) is at most d.
Proof. It is necessary to prove that Ωd−2M (X) is in add M for every indecom-
posable A(m)-module X which does not belong to add M . We follow the idea used
in Proposition 1 of [DR]. Let Y be an indecomposable direct summand of ΩtM(X).
We use induction on t to show that Y is a predecessor of τ tX . For t = d−2, we see
that any indecomposable direct summand of Ωd−2M (X) is a predecessor of τ
d−2X .
Since X is not projective and τd−1X = 0, we know that τd−2X is a projective
A-module, therefore Ωd−2M (X) is also a projective A-module, and thus Ω
d−2
M (X) is
in add M . This completes the proof. ✷
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Theorem 3.2. Let A(m) be the m-replicated algebra of a representation-finite
hereditary artin algebra A and d be an integer with d ≥ 2. There exists an A(m)-
module M which is a generator-cogenerator with global dimension d if and only if
there exists a τA(m)-orbit of cardinality at least d.
Proof. We assume that there is a τ -orbit of cardinality at least d, thus there
exists an indecomposable A(m)-module Z which is not injective such that τd−2Z is
a projective module. Let
0 −→ τZ −→ ⊕Yj ⊕ PZ −→ Z −→ 0
be the Auslander-Reiten sequence ending in Z, where all Yj are indecomposable
and non-projective-injective and PZ is projective-injective.
Let S = {τ iZ|0 ≤ i ≤ d−3} andM be the direct sum of all the indecomposables
in ind A(m)\S. Note thatM is a finitely generated generator-cogenerator since A(m)
is representation-finite.
We claim that gl.dim EndA(m)(M) = d.
In fact, we first show that gl.dim EndA(m)(M) ≤ d. By Lemma 2.1, we only
need to prove that, for any indecomposable module X , M-dim X ≤ d − 2. If X
belongs to add M , then its M-dimension is zero. Thus we only have to consider
indecomposable modules which do not belong to add M , that is, the modules τ iZ
with 0 ≤ i ≤ d− 3.
Let
0 −→ τ i+1Z −→ ⊕τ iYj ⊕ Pτ iZ
fi−→ τ iZ −→ 0
be the Auslander-Reiten sequence ending in τ iZ, where 0 ≤ i ≤ d − 3 and Pτ iZ
is a projective-injective module. Since A(m) is representation-finite, any non-zero
non-isomorphism from an indecomposable module to τ iZ can be written as a sum
of compositions of irreducible morphisms. It follows that fi is a right add M-
approximation and, of course, also minimal. This shows that ΩiM(Z) = τ
iZ for
0 ≤ i ≤ d − 2. In particular, Ωd−2M (Z) = τ
d−2Z is projective, thus belongs to
add M . Therefore, M-dim Z ≤ d − 2 and consequently, M-dim τ iZ ≤ d − 2 for
0 ≤ i ≤ d− 3.
In order to prove that the global dimension of EndA(m)(M) is precisely d, we
show that the M-dimension of Z is equal to d − 2. By the construction of M ,
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the modules ΩiM(Z) = τ
iZ for 0 ≤ i ≤ d − 3 are not in add M and hence M-
dim Z = d− 2.
For the necessity of Theorem 3.2, we can use Lemma 3.1 and follow the method
used in [DR]. For completeness, we sketch the proof. Let M be a generator-
cogenerator in mod A(m) with gl.dim EndA(m)(M) = d and assume that every
τ -orbit is of cardinality at most d − 1. Now let X be an indecomposable A(m)-
module which is not in add M . Then τ−1X is non-zero and indecomposable
since X is not injective, and we deduce that τd−2X = 0, since otherwise the
sequence of modules in τ−1X,X, · · · , τd−2X provides d pairwise non-isomorphic
indecomposable modules in a single τ -orbit. According to Lemma 3.1, we have
that gl.dim EndA(m)(M) ≤ d − 1, a contradiction. This completes the proof of
Theorem 3.2. ✷
Remark. We should mention that the proof of Theorem 3.2 heavily depends
on the assumption that A(m) is representation-finite.
4 Some generator-cogenerators with special global
dimensions and the proof of Theorem 2
Let A be a hereditary artin algebra and A(m) be its m-replicated algebra. In this
section, we construct some generator-cogenerators in mod A(m) with special global
dimensions and give the proof of Theorem 2.
We denote by Uk the direct sum of all the indecomposable modules in Σk
⋂
indA(m)
for k ≥ 0 and by P the direct sum of all indecomposable projective-injective A(m)-
modules. We assume that gl.dim A(m) = t.
Proposition 4.1. Let Ei = A ⊕ DAm ⊕ P ⊕
t−1
⊕
k=i
Uk for 1 ≤ i ≤ t − 1. Then
gl.dim EndA(m) (Ei) = i+ 2.
Proof. We first show that gl.dim EndA(m) (Ei) ≤ i + 2, that is, for each
indecomposable A(m)-module X , Ei-dim X ≤ i. If X belongs to add Ei, then its
Ei-dimension is zero. Thus we may assume that X is not in add Ei.
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If Σ0 < X < Σ1 or Σj < X < Σj+1 with i ≤ j ≤ t − 2 or Σt−1 < X < DAm,
by using an argument similar to that in Theorem 3.3 in [LZ], we have that Ei-
dim X ≤ 1 and thus Ei-dim X ≤ i since i ≥ 1. For completeness, we give the
proof as the following.
Let Σ0 < X < Σ1, and let 0 −→ P2 −→ P1
f
−→ X −→ 0 be a minimal
projective resolution ofX . SinceX ∈ ind A and HomA(m)(DAm⊕P⊕
t−1
⊕
k=i
Uk, X) = 0,
it follows that f is a minimal right add Ei-approximation of X and Ei-dim X ≤ 1.
Assume that Σj < X < Σj+1 with i ≤ j ≤ t − 2 or Σt−1 < X < DAm. It
follows that X is not in ind A and there exists an indecomposable A-module Y
such that X ∼= Ω
−j
A(m)
Y with i ≤ j ≤ t − 1. According to Lemma 2.3(3), X has
a projective cover which is projective-injective, and by Lemma 2.3(4), a minimal
right add (Uj ⊕ P )-approximation of X is surjective.
Consider the following short exact sequence
(∗) 0 −→ K −→M1
g
−→ X −→ 0,
where g is a minimal right add (Uj⊕P )-approximation ofX andK is the kernel of g.
LetM = A⊕DAm⊕P⊕
t−1
⊕
k=1
Uk. Then g is also a minimal right addM-approximation
of X by Lemma 2.2 and the fact that HomA(m)(DAm ⊕ ⊕
j<s≤t−1
Us, X) = 0. Since
the short exact sequence (∗) is not split, K is not projective-injective. Clearly,
K ≤ Σj . Let N be a non-projective-injective indecomposable direct summand of
K and assume that Σl ≤ N < Σl+1, for some 0 ≤ l ≤ j − 1. Then there exists, by
Lemma 2.3(2), an indecomposable A-module Z such that N ∼= Ω−l
A(m)
Z. It follows
from Wakamatsu’s Lemma that Ext1
A(m)
(Ω
−(l+1)
A(m)
A,K) = 0. Then we have that
0 = Ext1
A(m)
(Ω
−(l+1)
A(m)
A,K)
∼= Ext1
Aˆ
(Ω
−(l+1)
Aˆ
A,K)
∼= DHomAˆ(Ω
−(l+1)
Aˆ
A,Ω−1
Aˆ
K)
∼= DHomDb(modA)(A[l + 1], K[1])
∼= DHomDb(modA)(A,K[−l]).
In particular, HomDb(modA)(A,N [−l]) ∼= HomA(A,Z) = 0, and hence Z = 0 which
implies that N = 0 and K ∈ add(Uj ⊕ P ), hence K ∈ add Ei and Ei-dim X ≤ 1.
Now, we assume that Σl ≤ X < Σl+1 for 1 ≤ l ≤ i − 1. Let P (X) be a
projective cover of X . Note that X is not in ind A, according to Lemma 2.3(3),
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P (X) is projective-injective, hence we have a short exact sequence
0 −→ ΩA(m)(X) −→ P (X)
f0
−→ X −→ 0.
Since HomA(m)(DAm ⊕
t−1
⊕
k=i
Uk, X) = 0, it follows that f0 is a minimal right add Ei-
approximation of X and ΩEi(X) = ΩA(m)(X) with Σl−1 ≤ ΩEi(X) < Σl. Repeating
the step for ΩEi(X), we see that Ω
2
Ei
(X) = Ω2
A(m)
(X) and Σl−2 ≤ Ω
2
Ei
(X) < Σl−1.
We repeat this step l times, then ΩlEi(X) = Ω
l
A(m)
(X) and Σ0 ≤ Ω
l
Ei
(X) < Σ1.
Thus Ωl+1Ei (X) is just the kernel of a projective cover of Ω
l
Ei
(X) in mod A and
consequently, Ωl+1Ei (X) is a projective module and in add Ei. Therefore, Ei-dimX ≤
l + 1 ≤ i. This completes the proof of gl.dim EndA(m) (Ei) ≤ i+ 2 by Lemma 2.1.
In order to show that gl.dim EndA(m) (Ei) is exactly i+2, we only need to prove
that Ei-dim X = i for some indecomposable module X with Σi−1 < X < Σi. In
fact, in the argument above, let l = i− 1, then ΩiEi(X) belongs to add Ei and the
modules ΩsEi(X) for 1 ≤ s ≤ i− 1 are not in add Ei. It follows that Ei-dim X = i.
This finishes the proof. ✷
Corollary 4.2. Let d be an integer with 3 ≤ d ≤ t + 1. Then there exists a
generator-cogenerator M in mod A(m) with global dimension d. In particular, the
representation dimension of A(m) is at most 3.
From now on, we will assume that A is a hereditary artin algebra which is
representation-infinite. In this case, we observe that t = 2m+ 1.
Lemma 4.3. Let A be a hereditary artin algebra which is representation-infinite.
Then gl.dim A(m) = 2m+ 1.
Proof. Let I be an indecomposable injective A(m)-module which is not projec-
tive. By the Auslander-Reiten quiver of A(m), we know that I > Σ2m. According
to Lemma 2.3(2), we have that pd I = 2m+ 1, thus gl.dim A(m) = 2m+ 1. ✷
Remark. The assumption that A is representation-infinite cannot be omitted.
For example, let Q be the quiver 1· ← ·2 and A = kQ be the path algebra of Q
over a field k. Then gl.dim A(1) = 2 and gl.dim A(m) = m+ 1.
Let X be an A(m)-module. If every indecomposable direct summand of X does
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not belong to ind A, we say that X is not in mod A.
Lemma 4.4. Let N = N ′ ⊕ P be an A(m)-module with N ′ being an A-module
and P the direct sum of all indecomposable projective-injective A(m)-modules. Let
X be an A(m)-module which is not in mod A and NX ⊕ PX
f
−→ X be a minimal
right add N-approximation with NX having no projective-injective direct summands
and PX being projective-injective. Then PX is a projective cover of X.
Proof. Let P (X)
g
−→ X be a projective cover of X . According to Lemma 2.3
(3) and (4), P (X) is projective-injective and f is surjective. Then there is a map
h : P (X) −→ NX ⊕PX such that g = fh. Write f = (f1, f2) with f1 : NX −→ X
and f2 : PX −→ X and h =

h1
h2

 with h1 : P (X) −→ NX and h2 : P (X) −→ PX .
Since NX is in add N
′ and also in mod A, we have that h1 = 0. It follows that
g = (f1, f2)

 0
h2

 = f2h2 and thus f2 is surjective since g is surjective. By the
minimality of f , PX is isomorphic to P (X). This completes the proof. ✷
Lemma 4.5. Let M be a generator-cogenerator in mod A(m) such that its non-
injective direct summands are all in mod A. Let X be an indecomposable non-
injective A(m)-module. Then Ω2mM (X) is an A-module.
Proof. Let Σ0 be the set of all non-isomorphic indecomposable projective
A-modules, and let Σk = Ω
−k
A′ Σ0 for k ≥ 0. If X belongs to ind A, it is trivial that
Ω2mM (X) is an A-module.
Let X be an indecomposable A(m)-module such that Σi ≤ X for some i ≥ 1.
Consider the following exact sequence:
0 −→ ΩM (X) −→ NX ⊕ PX
f
−→ X −→ 0,
where f is a minimal right add M-approximation and NX has no projective-
injective direct summands and PX is projective-injective. It follows from Lemma
4.4 that PX is a projective cover of X and thus ΩM(X) < Σi.
Then we only have to show that, for the indecomposables X with Σ2m ≤ X <
DAm, Ω
2m
M (X) is an A-module. By Lemma 4.4 again, ΩM (X) < Σ2m. Write
ΩM(X) as K1 ⊕K2, where K1 is an A-module and K2 is not in mod A. There is
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an exact sequence:
0 −→ Ω2M(X) −→ N
′ ⊕ P ′
g
−→ K1 ⊕K2 −→ 0,
where g is a minimal right addM-approximation and N ′ has no projective-injective
direct summands and P ′ is projective-injective. By an argument similar to that in
the proof of Lemma 4.4, P ′ is a projective cover of K2 and thus Ω
2
M(X) < Σ2m−1.
Continuing this procedure, we have that Σ0 ≤ Ω
2m
M (X) < Σ1 which implies that
Ω2mM (X) is an A-module. This completes the proof. ✷
Lemma 4.6. Let M be a generator-cogenerator in mod A(m) such that its non-
injective direct summands are all in mod A, and let d be an integer with d ≥ 2m+3.
If τd−(2m+2)N = 0 for any indecomposable non-injective module N in add M , then
gl.dim EndA(m)(M) ≤ d.
Proof. According to Lemma 2.1, we have to show that the M-dimension of
any indecomposable A(m)-module X is at most d − 2. If X belongs to add M ,
then its M-dimension is zero. Thus we only need to consider the indecomposable
modules X which do not belong to add M .
Since X is not injective, by Lemma 4.5, Ω2mM (X) is an A-module. Let Y =
Ω2mM (X). Then there is a non-split exact sequence:
0 −→ ΩM(Y ) −→ ⊕Mi
f
−→ Y −→ 0,
where f is a minimal right add M-approximation of Y and all Mi are indecompos-
able modules in add M . Since Y is an A-module, all Mi are non-injective. By our
assumption, τd−(2m+2)Mi = 0 and thus all Mi are preprojective A-modules. This
shows that the sequence above is in mod A.
By using induction on s ≥ 1, one can show that any indecomposable direct
summand Y ′ of ΩsM(Y ) is a predecessor of a non-zero module of the form τ
s−1Mi
for some i. Indeed, we can do it by an argument similar to that in Proposition 2
in [DR], for completeness, we include the proof here. If X ′ is an indecomposable
direct summand of ΩM(Y ), then X
′ is a predecessor of some Mi. Now, assume the
assertion is true for some s. Write ΩsM(Y ) = ⊕Zj with indecomposable modules
Zj. Let N be an indecomposable direct summand of Ω
s+1
M (Y ) = ⊕ΩM (Zj). There
is some j such that N is a direct summand of ΩM (Zj). Note that ΩM(Zj) 6= 0,
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thus Zj does not belong to add M , therefore there is a non-split exact sequence
0 −→ ΩM (Zj) −→ M
g
−→ Zj −→ 0,
where g is a minimal right add M-approximation, which means that N is a prede-
cessor of τZj. By induction, Zj is a predecessor of τ
s−1Mi for some Mi, it follows
that τZj is a predecessor of the non-zero A-module τ
sMi, since τ
s−1Mi is not
projective. This completes the induction step.
In particular, for s = d − (2m + 2), we have that any indecomposable di-
rect summand of Ω
d−(2m+2)
M (Y ) is a predecessor of some τ
d−(2m+3)Mi. By assump-
tion, all the modules τd−(2m+3)Mi are projective A-modules, which implies that
Ω
d−(2m+2)
M (Y ) = Ω
d−(2m+2)
M (Ω
2m
M (X)) = Ω
d−2
M (X) is also a projective A-module and
consequently, belongs to add M . This completes the proof. ✷
Let d be an integer with d ≥ 2m + 3. Now we are going to use the existence
of a τ -orbit of cardinality at least d to construct an A(m)-module M which is a
generator-cogenerator with global dimension d.
Since A(m) is representation-infinite, there must be an indecomposable non-
injective A(m)-module Z which is also an A-module, such that τ
d−(2m+2)
A(m)
Z =
τ
d−(2m+2)
A Z is a simple and projective A-module.
Lemma 4.7. Let d be an integer with d ≥ 2m + 3. Let Z be an indecom-
posable non-injective A(m)-module such that τd−(2m+2)Z is a simple and projective
A-module. Let
0 −→ τZ −→ ⊕Yj −→ Z −→ 0
be the Auslander-Reiten sequence ending in Z, with indecomposable modules Yj.
Let P be the direct sum of all indecomposable projective-injective A(m)-modules.
Let M = A⊕DAm ⊕
d−(2m+3)
⊕
i=0
(⊕τ iYj)⊕ P . Then gl.dim EndA(m)(M) = d.
Proof. We first use Lemma 4.6 to show that gl.dim EndA(m)(M) ≤ d. Let N be
an indecomposable non-injective module in addM . IfN is projective, then τN = 0.
The assumption of d ≥ 2m + 3 implies that τd−(2m+2)N = 0. Otherwise, assume
that N = τ iYj for some i. It is sufficient to show that τ
d−(2m+2)Yj = 0. Note that Z
is actually a preprojective A-module and so all τ iYj are as well. Applying τ
d−(2m+2)
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to an irreducible map Yj −→ Z, we have that either τ
d−(2m+2)Yj = 0 or τ
d−(2m+2)Yj
is a proper predecessor of τd−(2m+2)Z. The latter is impossible since τd−(2m+2)Z is
simple and projective. Then Lemma 4.6 asserts that gl.dim EndA(m) (M) ≤ d.
In order to show that gl.dim EndA(m)(M) ≥ d, we only need to find an inde-
composable A(m)-module N such that M-dim N ≥ d− 2.
For 0 ≤ i ≤ d − (2m + 3), the Auslander-Reiten sequence ending in τ iZ is of
the form
0→ τ i+1Z →
⊕
τ iYj
gi−→ τ iZ −→ 0.
Since all the modules τ iYj with 0 ≤ i ≤ d− (2m+3) belong to add M , we see that
gi is a minimal right add M-approximation.
Note that ΩiM (Z) = τ
iZ for 0 ≤ i ≤ d− (2m+ 3), this forces that M-dim Z ≥
d − (2m + 2), since τd−(2m+2)Z belongs to add M and every τ iZ does not belong
to add M with 0 ≤ i < d− (2m+ 2).
Let N = Ω−2m
A(m)
Z. Note that Z is a non-projective preprojective A-module,
thus N is an indecomposable A(m)-module such that Σ2m < N < DAm, since
gl.dim A(m) = 2m + 1. It follows from the construction of M that ΩjM(N) =
Ωj
A(m)
(N) for 1 ≤ j ≤ 2m, hence Ω2mM (N) = Ω
2m
A(m)
(N) = Z. Therefore M-dim N =
2m +M-dim Z ≥ d − 2, and hence gl.dim EndA(m)(M) ≥ d. This completes the
proof. ✷
Lemma 4.8. Let N be an indecomposable A-module whose endomorphism al-
gebra is a division ring and such that there is a non-split sequence 0 → N
u
−→
N ′
v
−→ N → 0. Let P be the direct sum of all indecomposable projective-injective
A(m)-modules and M = A ⊕ DAm ⊕ P ⊕ N
′. Then M is a generator-cogenerator
in mod A(m) with gl.dim EndA(m) (M) =∞.
Proof. One can follow the method used in the proof of Proposition 3 in [DR] to
show that theM-dimension ofN is infinite, which implies that gl.dim EndA(m) (M) =
∞. For the convenience of readers, we streamline the proof.
Let p : P (N) → N be a projective cover of N . Then [v, p] : N ′ ⊕ P (N) → N
is a right add M-approximation (may-be not minimal) since any map f : N ′ → N
factors through v, and any map P → N with P projective factors through p, and
HomA(m)(I, N) = 0 for any injective module I.
Note that p itself is not a right addM-approximation, since the map v cannot be
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factored through a projective module. Thus, a minimal right addM-approximation
of N is of the form [v, p′] : N ′ ⊕ P ′ → N with P ′ projective.
The kernel of [v, p′] is isomorphic to N ⊕P ′′ with P ′′ projective, thus ΩM(N) =
N ⊕ P ′′. Inductively, we see that N is a direct summand of ΩtM(N) for all t ≥ 0,
this shows that the M-dimension of N is not finite. The proof is completed. ✷
Theorem 4.9. Let A(m) be the m-replicated algebra of a representation-infinite
hereditary artin algebra A and let d be either an integer with d ≥ 3 or else the
symbol ∞. Then there exists an A(m)-module M which is a generator-cogenerator
with global dimension d.
Proof. If d is an integer with 3 ≤ d ≤ 2m + 2, according to Corollary 4.2,
there exists a generator-cogenerator M in mod A(m) with gl.dim EndA(m)(M) = d.
If d is an integer with d ≥ 2m+ 3, then the consequence follows from Lemma
4.7.
Finally, let d = ∞. Since A(m) is representation-infinite, it follows that A
is representation-infinite, and thus there must exist an indecomposable A-module
N whose endomorphism algebra is a division ring and such that Ext1A(N,N) =
Ext1
A(m)
(N,N) 6= 0. Then according to Lemma 4.8, there exists a generator-
cogenerator M in mod A(m) such that gl.dim EndA(m)(M) = ∞. This completes
the proof. ✷
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